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Abstract-A new generalization of Ostrowski’s integral inequality is established. A consequence 
of the generalization is that we can derive new estimates for the remainder term of the midpoint, 
trapezoid, and Simpson formulae. These estimates are improvements of some recently obtained 
estimates. Applications in numerical integration are also given. @ 2004 Elsevier Ltd. All rights 
reserved. 
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1. INTRODUCTION 
In [I], Dragomir, Cerone and Roumeliotis proved the following generalization of Ostrowski’s 
inequality. 
THEOREM 1. Let f : [a, b] + R be continuous on [a, b], differentiable on (a, b) and whose deriva- 
tive f’ : (a, b) --+ R is bounded on (a, b). Denote /f’ljm = ~up~e[~,~ If’(t)1 < 00. Then, 
< ;(b - a)” (A” + (1 - A)“) + (x-q’] lif’ll,~ 
(1.1) 
for all X E [0, l] and a + X((b - a)/2) 5 x < b - X((b - ~)/a). 
Using (l.l), the authors obtained estimates for the remainder term of the midpoint, trape- 
zoid, and Simpson formulae. They also gave applications of the mentioned results in numerical 
integration and for special means. 
In this paper, we derive a perturbation of (1.1). Using the perturbed inequality, we obtain 
some tighter error bounds for the midpoint, trapezoid, and Simpson quadrature formulae. Similar 
perturbed inequalities are also considered in [2,3]. In Section 3, we give applications in numerical 
integration. 
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2. MAIN RESULTS 
THEOREM 2. Let I c R be an open interval and a, b E I, a < b. If f : I + R is a differentiable 
function such that y 5 f’(t) < I’, Vt E [a, b], f or some constants y, I? E R, then we have 
;(f(u) + f(b)) +(1 - A)f(x) - F(l -A) (x-%$)1 --~/Wt~ 
< IT-y 
- - 2 
where a + X((b - a)/2) < x 2 b - X((b - a)/2) and X E [O,l]. 
PROOF. Let us define the mapping 
K(x, t) = 
t- (u+hp), tE[a,x], 
t- (b-h?), tE(x,b]. 
Integrating by parts, we have 
/-’ I+, t)f’(t) dt = (b - a) [ ;(f(4 + f(b)) + Cl- 4/(4] - lb f(t) dt. 
a a 
We also have 
J 
b 
K(x, t) dt = (1 - X)(b - a) 
a 
(x-q. 
Let C = (IT + y)/2. From (2.3) and (2.4), it follows that 
J 
b 
K(x, 4 [f’(t) - Cl dt a 
= (b-u) [;(i,a) +f(b)) +(l -A)f(x) -C(l -A) (x-F)] -/bl(t)dt. 
a 
On the other hand, we have 
IJ b a K(x, t) [f’(t) - C] dt 5 ,;,“ig, If’(t) - Cl /-” IK(x, t)l dt. a 
We also have 
J 
b 
a 
jK(x,t)jdt=~[h2+(l-h)2]+(x-~)2 
and 
From (2.6)-(2.8), it follows that 
(2.1) 
(2.2) 
(2.3) 
G-w 
(2.5) 
(2.6) 
(2.7) 
(2.8) 
(2.9) 
I From (2.5) and (2.9), we easily get (2.1). 
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f(x)@ - a) - qqb-a) (kg -/c’i(t)& 
&qy~(x-~)2], 
and especially 
(2.10) 
l,(~)(b-.)-~i,i,l~~,-,,:2. (2.11) 
PROOF. We set X = 0 in (2.1) to get (2.10) and z = (u + b)/2 in (2.10) to get (2.11). I 
COROLLARY 2. Under the assumptions of Theorem 2, we have 
b-a - [f(a) + f(b)] - /‘j(t) dt I q(b - d2. 
2 a 
PROOF. We set X = 1 in (2.1). (Note that X = 1 implies z = (u + b)/2.) 
COROLLARY 3. Under the assumptions of Theorem 2, we have 
f(a) + f(b) + ij+) - 
4 2 
(2.12) 
I 
(2.13) 
and especially 
PROOF. We set X = l/2 in (2.1) to get (2.13) and II: = (CL + b)/2 in (2.13) to get (2.14). 
COROLLARY 4. Under the assumptions of Theorem 2, we have 
b-a 
(2.15) 
and especially 
PROOF. We set X = l/3 in (2.1) to get (2.15) and x = (u + b)/2 in (2.15) to get (2.16). I 
REMARK 1. Estimates (2.11), (2.12), (2.14), and (2.16) are tighter than the corresponding esti- 
mates obtained in [l]. For example, let us consider the following inequality, obtained in [l]: 
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If we choose 
then (l? - y)/2 4 ]]f’]],. Thus, (2.16) is tighter than (2.17). In fact, if sgny = sgnl? and y M I’, 
then (2.16) can be much better than (2.17). It is also better than a corresponding inequality 
obtained in [4]. 
REMARK 2. Note that the simple three-point quadrature rule, given in (2.14), has a better 
estimate of error than the well-known three-point Simpson quadrature rule given in (2.16). 
3. APPLICATIONS IN NUMERICAL INTEGRATION 
We restrict further considerations to the trapezoidal quadrature rule. We also emphasize that 
similar considerations can be done for all quadrature rules considered in the previous section. 
Let 1, = {u = ~0 < 21 < ... < 2, = b} be a given subdivision of the interval [a, b], where 
xi+1 - 5i = h = (b - u)/n. If we apply Theorem 2 to the interval [xi, zi+i] with X = 1 and sum 
over i from 0 to n - 1, then we get the composite trapezoidal rule 
J’ 
b 
f(t) dt = &(.f, LJ + Wf), 
a 
where 
n--l AdP, Lx) = h c n-1 f(G) f f(%+1) = h 2 + ~.fw . 
i=o i=l I 
Using the triangle inequality we get 
(3.1) 
(3.2) 
where we choose l?i = maxtEl,.,2i+ll f’(t), yi = mintE[,i,5i+l] T(t), Y i f’(t) I r, t E hbl. The 
classical estimation is given by 
(3.3) 
Note that we can apply (3.3) only if f E C2[a, b], while we can apply (3.2) if f E C’[a, b]. Hence, 
the above obtained result enlarges the applicability of the trapezoidal rule. 
Further, in [5, p. 1451, we can find a result (Theorem 5.3.2) which for the trapezoidal formula 
gives 
if f E C2[a,b]. Th is result characterizes the order of convergence of the composite trapezoidal 
rule. From (3.4), it follows that 
(3.5) 
if f E C2[a, 61. Using inequality (3.2), we can get a stronger result. Namely, we can prove 
that (3.5) holds for functions which belong to C1 [a, b]. 
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THEOREM 3. Let f E Cl[a, b]. Then (3.5) holds. 
PROOF. Let ri = maxtE[z;,zi+l] f’(t), 7i = mintE[z;,zi+l] f’(t). Since f E C’[a, b], it follows that 
there exist [i, vi E [ICY, zi+r] such that ri = f’(&) and yi = f’(qi). From (3.1) and (3.2) we get 
Since ((b - u)/n) Cri,r f’(&) and ((b - o)/n) Cyz,r f’(r]i) are Riemann sums, we have 
lim b-a E f’(,$) = 1’ 
71-m n i=o 
Im b-a F f/(q) = Ib f’(t) 02. 
n-00 n 
i=o a 
Thus, (3.5) holds. I 
The result obtained in the above theorem characterizes the order of convergence of the com- 
posite trapezoidal quadrature formula for functions which belong to C1 [a, b]. 
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